We study the growth of genuine multipartite entanglement in random unitary circuit models consisting of both short-and long-range unitaries. We observe that circuits with short-range unitaries are optimal for generating large global entanglement, which, interestingly, is found to be close to the global entanglement in random matrix product states with moderately high bond dimension. Furthermore, the behavior of multipartite entanglement can be related to other global properties of the system, viz. the delocalization of the many-body wavefunctions. Moreover, we show that the circuit can sustain a finite amount of genuine multipartite entanglement even when it is monitored through weak measurements.
I. INTRODUCTION
Along with the studies related to quantum Hamiltonian systems, an important area that has gained much attention in recent times is the study of quantum properties related to the quantum random unitary circuits [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Even though such a model is relatively less-structured than any generic Hamiltonian system, as it only retains two fundamental features of any realistic physical systems, namely, unitarity and spatial locality, recent studies reveal that it is comprised of many rich quantum properties. It has been reported that quantum entanglement growth in these systems exhibits certain universal structure [1] . In particular, the critical exponents for the entanglement growth have been found to be similar to those of the Kardar-Parisi-Zhang (KPZ) equation, which has a wide range of applicability in non-equilibrium statistical mechanics [14] . In addition to this, both exact results and coarse-grained descriptions have been provided for the spreading of quantum operators under random quantum circuit dynamics [2, 4] . Moreover, a new class of dynamical behavior is explored, when the circuit is constantly monitored through quantum measurements [6, [8] [9] [10] [11] . Interestingly, it has been reported that the entanglement growth of an initial product state under such random unitary dynamics, undergoes a continuous transition from the volume-law to the area-law, when it is monitored with a particular strength of the measurement [6, [8] [9] [10] [11] .
Apart from the entanglement studies, random quantum circuits have also been used to demonstrate quantum advantage through the task of sampling from the output distributions of the models [7, 12, 13] . In general, the accomplishment of such a task classically requires a direct numerical simulation of the circuit, with computational cost exponential in the number of qubits [7, 12] . Very recently, experimental validation of the same has also been reported in Ref. [13] . All this progress has significantly increased the interest of the community to explore several other quantum properties related to random circuit models.
To date, among the works related to random unitary circuit models, the study of local or bipartite quantum properties has received most of the attention. The be-havior of global properties in these models remains an interesting area to explore. Multipartite entanglement is one such important property which is also considered to be a potential resource in many quantum information and computation protocols [15] [16] [17] [18] [19] [20] . In recent years, several studies endorse the fact that along with bipartite entanglement, multipartite entanglement can also faithfully detect quantum phase transitions in several quantum many-body systems [21] [22] [23] [24] [25] [26] [27] . Moreover, using recent technologies, experimental realizations and manipulation of multipartite entangled states have also been reported in atomic, ion-trap and optical settings [28] [29] [30] [31] [32] [33] .
In this work, we aim at studying the global properties of random unitary circuits. In particular, we look at the multipartite entanglement properties of the quantum state obtained at each iteration of a random unitary circuit and relate it to other physical properties of the system. We observe that an initial product state when subjected to a random unitary circuit, acquires a substantial amount of genuine multipartite entanglement even for a few iterations of the circuit, and at large iteration time, eventually saturates to a very high value, close to the maximum possible value in qubit systems. Additionally, we find that the saturated value of genuine multipartite entanglement has very little dependence on the range of interactions. For instance, at large iteration time, random unitary circuit models comprised of quasilong-range and long-range unitaries provide almost the same amount of multipartite entanglement as that obtained for the short-range case. However, the growth rate of multipartite entanglement varies depending on the range of unitaries. We then compare the behavior of multipartite entanglement obtained for the random unitary circuit to that obtained for the random matrix product states (RMPS). This provides us a framework to characterize the complexity of the random state generated at a large time in terms of the bond dimension of the random matrix product states. In particular, we observe that random matrix product states with a bond dimension that grows polynomially with the system size, can attain multipartite entanglement close to the value obtained for the random quantum state generated at a large time in the random unitary circuit models.
Once the multipartite entanglement properties of the circuits are fully characterized, we next relate that to other global properties of these models. In particular, we study the delocalization of the initial wavefunction when it is subjected to the quantum dynamics under the random unitary circuits. In general, for any generic quantum many-body wavefunction, the relation between its spread in the Hilbert space or delocalization and its global entanglement content is not obvious [34] [35] [36] . For instance, there are highly localized quantum states which can exhibit a high amount of genuine multipartite entanglement, e.g. the GHZ state. On the other hand, though the entanglement content of both the states |0 ⊗N and |+ ⊗ N is zero and the former one is completely localized, the latter has uniform spread over all the points in the Hilbert space. In the case of a Hamiltonian system, it has been extensively studied that the presence of randomness in the static field often leads to localization of quantum many-body wavefunctions and leaves those as nearly product states [37] [38] [39] [40] [41] [42] [43] [44] . Therefore, it is an interesting case to investigate how it affects the localization properties of the highly entangled random many-body wavefunction obtained at each iteration step of the circuit. In this regard, we compute the inverse-participation-ratio (IPR), a commonly used measure of localization of the wavefunctions, and observe that the qualitative behavior of these two global properties of the circuit is very close to each other. Like the global entanglement, IPR grows rapidly and then eventually saturates at a high value, which indicates fast delocalization of the initial wavefunctions. Therefore, we can argue that in the random unitary circuit models, the spreading of the quantum many-body wavefunctions in Hilbert space and the growth of multipartite entanglement have close correspondence.
Finally, we analyze the robustness of multipartite entanglement of the random quantum state generated for a large number of circuit iterations, when it is monitored through non-projective or unsharp or weak measurements [45] [46] [47] , which are a special subset of positiveoperator-valued-measurements (POVMs). We report that the random quantum state sustains a non-zero amount of global entanglement, even for high values of the measurement strength. Interestingly, the decay pattern of global entanglement with the measurement strength becomes almost similar to that obtained for an N -qubit GHZ state. Therefore, we argue that random unitary circuits, even though result in a less-structured quantum dynamics than a generic Hamiltonian system, generate a high amount of global entanglement, which remains non-zero under monitoring through weak measurements and thus can serve as a potential resource in quantum information and computation tasks which are accomplished exploiting multipartite entanglement.
We arrange the paper in the following way. In Sec. II, we describe the random unitary circuit that we consider in our work. In Sec. III, we briefly discuss the measure of genuine multipartite entanglement. Next, in Sec. IV, we demonstrate the growth of genuine multipartite entangle- ment with each iteration step of the circuit and compare it with that obtained for some other possible variants of the circuits. In Sec. V, we compare the behavior of multipartite entanglement obtained for the random state generated at a large iteration of the random unitary circuit to that obtained for a random matrix product state. A comparison between two global properties of the circuit, namely, the spread of wavefunctions in Hilbert space and the multipartite entanglement are made in Sec. VI. Next, in Sec. VII, we discuss the robustness of the multipartite entanglement generated in the random unitary circuit under the effect of weak measurements. Finally, we conclude in Sec. VIII.
II. THE MODEL
Let us briefly discuss the random unitary circuit as depicted in Fig. 1 . In this circuit, we first apply random unitaries U ij , generated independently through Haar measure, on the nearest neighbor sites (i, j) i.e. on the sites (1, 2), (3, 4) , (5, 6) , . . . , (N − 1, N ), where N is the total number of sites. In the next step, we apply the unitaries on the remaining nearest-neighbor pairs of sites, i.e., (2, 3), (4, 5), (6, 7), . . . , (N −2, N −1). This completes a full iteration, denoted by t. The number of unitaries acting at each iteration is N − 1. As the interactions between spins or qubits are taken to be random in both space and time, it becomes a less-structured model than any generic Hamiltonian system. Note here that throughout the paper, we mainly consider the random states generated through the short-range random unitary circuits discussed above. However, in our work we also study some of the variants of random unitary circuits, which we discuss in detail in Sec. IV.
III. GENUINE MULTIPARTITE ENTANGLEMENT AND ITS MEASURE
In this section, we briefly introduce the measure of genuine multipartite entanglement that we consider in our work. An N -party pure quantum state is said to be genuinely multipartite entangled if it cannot be written as a product in any possible bipartitions of the state [48] [49] [50] [51] [52] . An example of such quantum state is the N -party GHZ state, given by |ψ GHZ = 1 √ 2 (|0 ⊗ N + |1 ⊗ N ). In order to quantify the genuine multipartite entanglement of any pure quantum state |Ψ N , we consider a computable measure known as the generalized geometric measure (GGM) [50] [51] [52] . It is defined as an optimized distance of the given quantum state, |Ψ N , from the set of all states that are not genuinely multipartite entangled. This can be mathematically expressed as
where ζ max (|Ψ N ) = max | η|Ψ N |, with the maximization being carried out over all pure N -party quantum state |η which are not genuinely multipartite entangled. Further simplification of the above equation leads to an equivalent expression, given by
where λ A:B is the largest eigenvalue of the reduced density matrix ρ A or ρ B of |Ψ N . For the qubit system, the value of G lies within the range 0 ≤ G ≤ 0.5.
IV. GROWTH OF MULTIPARTITE ENTANGLEMENT
We are now equipped with the necessary tools to study the global entanglement properties of an initial product state when it is iteratively subjected to the random quantum circuit described in Fig. 1 . Towards this aim, we start with the initial product state |Ψ(t = 0) = |0 ⊗N and compute its GGM (G) at each step of the iteration of the circuit. The number of random realizations of the circuit considered here is 10 2 . The behavior of the multipartite entanglement averaged over all such random realizations of the circuit with the iteration number t is depicted in Fig. 2 . From the figure, we note that G grows very fast and saturates eventually to a high value for large iteration times. We denote the saturation value of multipartite entanglement by G sat , which is the value of G, obtained after 20 iterations of the circuit, i.e., G sat = G(|ψ(t = 20) ). For N = 12, G sat = 0.478. Subsequently, in order to find an analytical form of G(t) (see the inset (a) of Fig. 2 ), we fit G/G sat and find that G grows approximately as
with t 0 ≈ 6. A scaling analysis of G with N is also presented in the inset (b) which indicates that even for moderate system-size, N = 12, the multipartite entanglement content of the random state at high iteration number eventually becomes very close to the maximum value of global entanglement in qubit systems.
In addition to this, we observe that the circuit configuration in Fig. 1 is the optimal one, in the sense that if we consider other variants of the circuit, where instead of short-range unitaries, the circuit comprises of unitaries acting on non-nearest neighbor qubits, there is no advantage of the multipartite entanglement generated at high iteration. We show a schematic representation of all such configurations in Fig. 3 . In Case I, we consider a quasi long-range unitary circuit, such that two-qubit unitaries are now acting on the first qubit and rest of the qubits, i.e., Π N r=2 U 1r . Here, the number of unitaries remains the same as the previous case, which is N − 1. Case II demonstrates a proper long-range scenario in the sense that all the N qubits are now connected with each other through the two-qubit unitaries, Π N i<j,i,j=1 U ij . The number of unitaries acting in the circuit at each iteration step is given by N 2 (N − 1). We observe that similar to the shortrange random unitary circuit, multipartite entanglement in quasi long-range and long-range circuits grow fast with the iteration steps and the final value to which it saturates is very close to that obtained for the short-range case. Hence, long-range interaction does not provide much benefit in terms of the saturation value of multipartite entanglement. However, from our analysis, we note that the growth rate has a dependence on the range of unitaries. A comparison of such different growth rates can be made from the fitted values of the multipartite entanglement. The growth of multipartite entanglement in these cases can again be approximated using Eq. (3), which yields
Case I Case II
Therefore, though at an initial time, multipartite entanglement obtained in these cases could slightly differ from each other, and saturation may begin at different values of t, the final value to which it ultimately saturates is almost the same for all the cases. This essentially completes the first part of our analysis. In the forthcoming sections, we study several other relevant physical quantities and provide a detailed characterization of the random quantum state generated through such random unitary dynamics.
V. COMPARISON TO RANDOM MATRIX PRODUCT STATES
We now compare the growth of multipartite entanglement obtained for random unitary circuit models as discussed in the previous section, to that obtained for random matrix product states. Matrix product states (MPS) with fixed bond dimension lie in a tiny corner of the total Hilbert space and are often found to be an approximate ground state of local Hamiltonians [53] [54] [55] . As stated earlier, the random unitary circuit models represent a less-structured model than the Hamiltonian systems, and the presence of randomness eventually pushes the quantum state to occupy a wider region within the Hilbert space. Therefore, the behavior of multipartite entanglement in random MPS and its comparison with the random quantum state generated through the random unitary circuit model is an interesting case to explore. In Ref. [56] , it has been reported that a set of non-homogeneous random MPS and the set of uniformly distributed general random states yield the same average states. Here, our aim is to explore whether any such similarity exists between these two differently constructed random states when the multipartite entanglement properties are considered.
We start with the matrix product states representation of any pure quantum state |Ψ , which is given by Here, N = 12 and the averaging of G is performed over 10 2 random realizations. In the inset (a), a comparison between the growth of G in random unitary circuit (RU) (blue curve) and random matrix product states (RMPS) (orange curve) for a small time t(= D) is presented. The inset (b) depicts the scaling of the saturated iteration number (tsat) and saturated bond dimension (Dsat) for random unitary circuit and random MPS, respectively, with the system size N .
where A i k k are D ×D complex matrices, with D being the bond dimension. In general, in order to represent any quantum state in MPS form, one requires N D 2 d number of parameters, where d is the local Hilbert space dimension of the system (for qubits d = 2). For small D, this number turns out to be much smaller than the dimension of the actual Hilbert space, d N .
In this work, we consider a matrix product state, where the A i k k matrices are random unitaries U of dimensions D ×D and aim to find the growth of genuine multipartite entanglement with its bond dimension D. Fig. 4 shows the growth of G of a RMPS with D. For each D, averaging of G is performed over 10 2 random realizations of the matrix product states. We find that for small values of D, the value of GGM obtained for RMPS turns out to be lower than that obtained for the random quantum state generated after t = D times iteration of the random unitary circuit (see the inset (a) of Fig. 4 ). However, with increasing bond dimension, multipartite entanglement in RMPS increases and finally saturates at a value G = 0.463, which is very close to that obtained for the random circuit. Hence, we can argue that in terms of global entanglement content, the random quantum state generated at high iteration time of the circuit is comparable to a random MPS with a moderately large bond dimension.
In addition to this, the inset (b) of Fig. 4 depicts a comparison between the scalings of the iteration number (t sat ) in the random unitary circuit and the bond dimension (D sat ) in RMPS when G saturates in both the systems. We note that in the random circuit model, t sat initially increases with N and eventually saturates, even for moderately large system size. On the contrary, D sat in random MPS does not show any such tendency, and continues to grow polynomially with the system size (D sat (N ) ≈ aN 2 + bN + c, with a, b, c constants). This suggests, for large N , in order to have multipartite entanglement close to the saturated value obtained in random unitary circuit models, one needs to consider RMPS with a bond dimension which is polynomial in the system size. Nevertheless, efficient generation of such random matrix product states still remains a relatively easier task than the exact preparation of random unitary circuits with a large number of qubits.
VI. DELOCALIZATION OF THE WAVEFUNCTION
Along with the studies of the multipartite entanglement properties of the random unitary circuits, we also study other global property of the models, namely, the delocalization of an initial product state, when it evolves under the interactions of the random unitaries. Importantly, this gives us an opportunity to compare the spread of wavefunctions in Hilbert space with the spread of entanglement in different bipartitions of a multipartite quantum state. In order to quantify the degree of delocalization of any quantum state in Hilbert space, we consider a commonly used measure, known as the Inverse Participation Ratio (IPR) [43] . It can be expressed as
where {|i } 2 N i=1 is the computational basis. In general, for a completely delocalized state, one gets i|Ψ(t) = 1 √ 2 N , ∀i, implying that IPR = 2 N . On the other hand, for a completely localized state, we have IPR = 1. In both limits, multipartite entanglement becomes zero. However, there could be other states e.g., |ψ GHZ , for which IPR is very low but the multipartite entanglement content is maximum, i.e. G = 0.5. Therefore, for any generic quantum system, the exact relation between delocalization of the wavefunctions and its multipartite entanglement content is not obvious. In this regard, the relation between IPR and bipartite entanglement, quantified by entanglement entropy, is discussed for a set of random states drawn from various ensembles [34, 35] and also for the eigenstates of certain local many-body Hamiltonians [36] .
To investigate the relation between delocalization and growth of multipartite entanglement in the quantum random unitary circuit, we start with the same initial state |Ψ(t = 0) = |0 ⊗N and compute its IPR at each iteration of the circuit. Fig. 5 illustrates the growth of IPR with the iteration number t. Like all other quantities we have previously computed, IPR is averaged over 10 2 random realizations of the circuit. We observe that the IPR increases very fast and eventually saturates at a high value.
Clearly, this behavior is qualitatively similar to that of G, depicted in Fig. 2 and remains very much distinct from the localization property of GHZ state. Therefore, from the comparison, we argue that for the random unitary circuit we consider in our work, the spreading of wavefunctions in Hilbert space and the growth of multipartite entanglement present a close correspondence.
We have now fully characterized the properties of the random quantum state generated through the dynamics of the random unitary circuits. However, along with the generation of such highly entangled random quantum states, to use it as a resource for quantum information processing and computational tasks, it is equally important to investigate its robustness properties. In the next section, we consider one such set-up and discuss its robustness properties in detail.
VII. ROBUSTNESS OF MULTIPARTITE ENTANGLEMENT
Apart from its fundamental importance, quantum measurements have a wide range of applications in various measurement-based quantum information processing and computation tasks, viz. quantum state manipulation [57] [58] [59] , entanglement protection [60, 61] , measurement-based quantum computation [17, 62] , etc. In the case of measurement-based quantum information and computation schemes, starting from a highly entangled resource state, sequential measurements are applied to exploit the shared entanglement in accomplishing the desired tasks. In this way, the initial resource is irreversibly degraded as the computation proceeds and reusability of the resource ceases. One way to minimize the effects of such quantum measurements is to apply the weak measurement schemes [45-47, 63, 64] . Though this, in turn, may affect the efficiency of the protocol, the reusability of the resource opens up. In the case of the genuine multipartite entangled state, quantum measurement has an adverse effect on its multipartite entangle-ment content. Here, even a single qubit measurement is sufficient to transform it into a completely product state in some bipartition. Hence, for reusability of the genuine multipartite entangled state in measurement-based quantum information processing and computational tasks, weak measurement schemes are a potential choice. This motivates us to investigate how robust the multipartite entanglement generated in the random unitary circuits is under the effect of weak measurements.
Towards this aim, we consider weak measurement op-
, characterized by the parameter 0 < λ ≤ 1. These measurement operators satisfy the completeness relation:
The parameter λ represents the measurement strength. Indeed, for λ = 1, M λ ± correspond to projective measurements. We perform M λ ± on the quantum state generated at large iteration time of the random unitary circuit and the position of such measurements is completely random. For a schematic depiction, see Fig. 6 (a). The quantum state after performing the weak measurement is then reads as
The procedure is repeated for a large number of measurements (10 2 ) and the final value of the global entanglement is obtained by averaging over all such outcomes and a large number of random realizations of the circuits (10 2 ). The behavior of the saturated value of global entanglement, denoted by G λ sat , with the measurement strength λ is depicted in Fig. 6(b) . From the figure, we find that the multipartite entanglement of the random state obtained at high iteration time exhibits a polynomial decay with the strength of measurement, which can be analytically expressed as
Interestingly, the above analytical form coincides exactly with the decay profile of multipartite entanglement of an N -qubit pure GHZ state. Therefore, we observe that though the quantum state generated for a large number of circuit iteration remains highly delocalized, the value of its global entanglement and decay pattern under weak measurements remain akin to that of N -qubit GHZ state.
VIII. CONCLUSION
In this work, we analyzed the global properties of the random unitary circuits, which are generally considered as least-structured models for quantum dynamics. We considered random unitary circuits comprised of shortrange, quasi-long-range, and fully long-range unitaries and studied the growth of genuine multipartite entanglement when an initial product state is iteratively subjected to those circuits. We observed that the initial product state accumulates a high amount of multipartite entanglement even after a few iterations of the circuits. Moreover, the saturated value of global entanglement obtained for moderately large iteration time has very little dependence on the range of unitaries and generates almost the same amount of global entanglement even if the range or the number of unitaries are increased. We then compared the behavior of global entanglement obtained for this circuit to that of the random matrix product states. We report that the behavior of genuine multipartite entanglement is very similar in both cases. In particular, we observed that a random matrix product state with a bond dimension which is polynomial in system size, can attain the value of genuine multipartite entanglement close to that obtained for the random state generated for large iteration of the random unitary circuits. In addition to this, we made a connection between the behavior of multipartite entanglement with the other global properties of the system, such as the delocalization of the initial wavefunctions and observed a very close correspondence between these two global quantities. Finally, we studied the robustness of the multipartite entanglement generated through such random unitary dynamics, under the effect of weak measurements performed on any qubit, randomly chosen from N sites. We showed that the circuit sustains a non-zero amount of global entanglement even when the strength of the measurement is very high.
